We show that a polynomial flow is a solution of a linear ordinary differential equation. From this, we draw conclusions about the possible dynamics of polynomial flows. We also show how point spectra of derivations associated with polynomial vector fields can be used to identify p-f vector fields.
INTRODUCTION
If one can turn a nonlinear differential equation into a linear one by means of a well-understood transformation, one can usually say much about the solutions of the original equation. Such is the case with the Kortewegde Vries equation, which, for initial data that vanish sufficiently fast at infinity, can be linearized by inverse scattering techniques. In this paper we give a procedure for linearizing polynomial flows. We then investigate some of the facts that follow from this linearization. We also show how the point (~) degree of (2) (3) (4) real time. spectra of certain derivations can be used to determine whether a given polynomial vector field has a polynomial flow.
Consider the initial value problem
where V is a continuously differentiable vector field on ~:n (I: is ~ or C). Let ~: f2~D :n be the (local) flow associated with (1.1), where f2, an open subset of R x I :n, is the maximal domain of q~. For each t in R let U t be the set of all x in D :~ such that (t, x) is in D. The flow ~ is said to be a polynomial flow and V is said to be a p-f vector field if for each t in ~ the t-advance map ~b~: U~ D :~ is polynomial. That is, if ~i: Nn_~ R is the projection map onto the ith coordinate, rcio~b ~ is polynomial for i--1,..., n. Take the degree of a polynomial map P: I :~ --, D :n to be the maximum of the degrees of ~i o P for i = 1,..., n.
If V is a linear vector field, say V(y) = Ay, where A is an n x n matrix, we have ~)(t, x)=e~Ax. Hence linear vector fields are p-f vector fields.
However, p-f vector fields are not restricted to linear ones. For example, even on N2 (henced also on ~ for any n ~> 2) there are p-f vector fields of all degrees (see Bass and Meisters, 1985, theorem 11.8; or Coomes, 1990a , Table I ).
Polynomial flows were first discussed by Meisters (1982) . A more thorough investigation is given by Bass and Meisters (1985) . They show that if ~ is a polynomial flow, there is a bound, valid for all t, on the p-f vector fields are polynomial: p-f vector fields have constant divergence; and p-f vector fields are complete--all solutions to (1.1) exist for all Coomes (1988 Coomes ( , 1990b investigates polynomial flows with complex initial conditions and time. First, he shows that a polynomial flow on R n or C n extends to a holomorphic function on C x C n which satisfies the group property for complex time. That is, a polynomial flow ~b extends to a holomorphic function ~: C x Cn~ C n such that ~(t, ~(s, x)) = ~(t + s, x), t, s e C, x ~ C" Second, he investigates power series forms of polynomial flows. Coomes (1988 Coomes ( , 1990a shows how one can use certain symmetries to show that the
